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INTRODUCTION
Let F be a ﬁeld, let G be a ﬁnite group, and let π be a linear represen-
tation of G over F ; that is, π is a group homomorphism π G → GLV 
of G into the general linear group on a ﬁnite-dimensional vector space V
over F .
We say π is AI if π is completely reducible and for each normal subgroup
H of G, each irreducible FH-submodule of V is absolutely irreducible. For
example, if F is algebraically closed then all completely reducible repre-
sentations over F are AI. In particular, all of our theorems hold over the
complex numbers without the hypothesis that the representation is AI.
Recall that π is primitive if π is irreducible and there exists no decom-
position of V as the direct sum of proper nonzero subspaces permuted by
G. In answer to a question raised by Dinakar Ramakrishnan, we prove
Theorem 1. Let πi Gi → GLVi, i = 1 2, be primitive AI-
representations of ﬁnite groups G1 and G2. Then the tensor product rep-
resentation π1 ⊗ π2 G1 ×G2 → GLV1 ⊗ V2 is also primitive and AI.
The proof of Theorem 1 makes use of a weak appeal to the classiﬁcation
of the ﬁnite simple groups at the very end of the proof, but it may be
possible to avoid this appeal.
1 This work was partially supported by National Science Foundation grant NSF-9901367.
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Recall that π is quasi-primitive if every normal subgroup of G is homo-
geneous on V . By Clifford’s Theorem, primitive representations are quasi-
primitive. In an earlier version of this paper we showed that the converse
holds when G is ﬁnite and solvable and π is AI. However, we then discov-
ered that over 20 years ago in [B], Tom Berger had given a different proof
of this result in the case where F is algebraically closed, so we omit that
result here. We do prove
Theorem 2. If πi Gi → GLVi, i = 1 2, are irreducible quasi-primitive
AI-representations of ﬁnite groups G1 and G2 then π1 ⊗ π2 G1 × G2 →
GLV1 ⊗ V2 is irreducible, AI, and quasi-primitive.
The proofs of Theorems 1 and 2 proceed by induction on the order
of G = G1 × G2. By 3.1 if X is a normal subgroup of G minimal sub-
ject to X ≤ ZG then X ≤ G1 or X ≤ G2, so X is homogeneous on
V = V1 ⊗ V2 and each irreducible I for X on V is absolutely irreducible.
Thus the machinery in Section 1 (particularly Lemma 1.3) supplies a pro-
jective representation of G/X on V X = HomFXI V , to which induc-
tion can be effectively applied in a minimal counterexample G as in 3.3.
Theorem 2 follows immediatedly. If Theorem 1 fails then V =⊕D∈ D for
some G-invariant set  of subspaces of V , and we obtain a primitive per-
mutation action of G on  with kernel ZG. Set G = G/ZG; the theory
of primitive permutation groups tells us that G1 ∼= G2 is a nonabelian sim-
ple group and then that for each 1 = g¯ ∈ G1, there is a lift h of g¯ in
GLV  with h free on V . If g¯ is of prime order relatively prime to ZG1
this is easily seen to be impossible. To complete the proof we invoke the
classiﬁcation of the ﬁnite simple groups to see that such a prime exists.
Finally one can ask whether it is possible to relax the hypothesis that
our representations are AI. Some restriction is certainly necessary, as the
following example indicates: Let G1 = G2 = GLV , where V1 = V2 = V
is a 2-dimensional space over F = F2 and πi Gi → GLVi is inclusion.
Then πi is absolutely irreducible and primitive, but π1 ⊗ π2 is imprimitive,
asG1×G2 ∼= G1×G2π1⊗π2 has a noncyclic normal abelian subgroup.
The author would like to thank David Wales for some useful conversa-
tions on Brauer characters, and for calling his attention to the use of the
term “quasi-primitive” in the literature and to various papers on “groups
of central type.”
1. PRIMITIVE LINEAR REPRESENTATIONS
In this section G is a ﬁnite group, F is a ﬁeld, and π G → GLV 
is a ﬁnite-dimensional FG-representation. We have the projective map
ρ GLV  → PGLV , and we deﬁne πˆ = πρ to be the composition of π
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with ρ. Thus πˆ is a projective representation of G, that is, a homomorphism
of G into the group PGLV  regarded as a group of automorphisms of
the projective geometry of V . Many standard notions about linear repre-
sentations extend in a straightforward way to projective representations;
these include the notions of irreducible, completely reducible, and primitive
projective representations.
Let α H → PGLU be a projective representation of a group H. For
K ≤ H, let SKU denote the poset of all nonzero proper K-subspaces of
U . If KH then α induces a representation αK H → AutSKU of H
on the poset SKU, which of course induces a faithful representation of
HK = H/ kerαK.
By Clifford’s Theorem, if G is primitive and HG then H is homoge-
neous on V . Assume more generally that HG, H is homogeneous on V ,
and let IrrHV  be the set of (nonzero) irreducible H-submodules of V .
Pick I ∈ IrrHV , assume I is an absolutely irreducible FH-module, and
let V H = HomFHI V . Then (cf. 27.14 in [FGT]) there is an isomorphim
of posets,
ϕ = ϕHV  SHV  → PG
(
V H
)

where PGV H is the projective geometry of V H .
Here and in Lemma 1.3 we use the following “*-convention”: If µ X →
Y is an isomorphism in some category then µ∗ AutX → AutY  is the
isomorphism of groups deﬁned by µ∗ a → µ−1 · a · µ for a ∈ AutX.
Thus ϕ∗ AutSHV  → AutPGV H is an isomorphism giving rise to a
homomorphism,
πˆH = πˆH · ϕ∗ G→ Aut
(
PG
(
V H
))

and ϕ is an equivalence of the representations πˆH and πˆH of G on the
posets SHV  and PGV .
We will see in the discussion following 2.1 that πˆHG ≤ PGLV H.
Thus the representation πˆH of G on SHV  can be regarded as a projective
representation πˆH  G→ PGLV H which induces a faithful representation
of GH . We use that fact in the remainder of this section without further
comment, postponing the proof until 2.1.
1.1. If π G→ GLV  is primitive and HG, then
(1) H is homogeneous on V , and
(2) if the members of IrrHV  are absolutely irreducible then πˆH is
primitive.
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Proof. As mentioned earlier, H is homogeneous. Assume that
I ∈ IrrHV  is absolutely irreducible, so that πˆH is a projective represen-
tation. Suppose πˆH is not primitive and let V H = V H1 ⊕ · · · ⊕ V Hr be a non-
trivial G-decomposition of V H . Let Vi = ϕ−1V Hi ; then V = V1 ⊕ · · · ⊕ Vr
is a G-decomposition of V , contradicting G primitive.
1.2. If π is completely reducible, HG, and each member of IrrHV 
is absolutely irreducible then H is homogeneous on V iff SHV  ∼= PGV H
as a poset, for some F-space V H .
Proof. We saw earlier that such an isomorphism exists if H is homoge-
neous. On the other hand, if H is not homogeneous then there are non-
isomorphic irreducibles I and J, and the least upper bound for I and J in
SHV  is I + J, which is over just two atoms I and J of SHV , whereas in
PGV H there are F  + 1 > 2 atoms below the least upper bound of two
atoms.
Deﬁne an irreducible projective representation α H → PGLU to be
absolutely irreducible if CPGLUH = 1. We use the “*-convention” intro-
duced earlier in the section in the next lemma.
1.3. If X and H are normal subgroups of G such that X ≤ H, X is
homogeneous on V , and the members of IrrXV  are absolutely irreducible
then
(1) The map
ψ IrrHV  → Irr(HX V X)
I → Iϕ
is a G-equivariant bijection, where ϕ = ϕXV  SXV  → PGV X is the map
deﬁned at the beginning of the section.
(2) The map ψ induces an isomorphism SHV  ∼= SHX V X of posets.
(3) α · πˆXHX = πˆH · ψ∗, where α G → G/ kerπˆX = GX is the
natural homomorphism and πˆX is regarded as a projective representation of
GX . Equivalently, Ugπϕ = UϕgπˆX for all g ∈ G and U ∈ SHV ,
when πˆX denotes a map from G to PGLV X. That is, ψ is an equivalence
of the representations πˆH and πˆXHX of GH ∼= GXHX on the posets SHV 
and SHX V X.
(4) I ∈ IrrHV  is absolutely irreducible as a projective H-module iff
Iϕ ∈ IrrHX V X is absolutely irreducible as a projective HX -module.
(5) If H is homogeneous and the members of IrrHV  are abso-
lutely irreducible then α · πˆXHX = πˆH · φ∗, where φ = ϕ−1HV · ψ ·
ϕH˜X V X  PGV H → PG
(V XHX ) is an isomorphism of posets and
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H˜X ≤ G˜X are preimages of HX and GX in GLV X. That is, φ is an equi-
valence of the projective representations πˆH and πˆH
X
of GH ∼= GXHX on
V H and V XHX .
Proof. As X ≤ H, each I ∈ IrrHV  is of the form I = IHX  for some
IX ∈ IrrX I, so the map ψ of (1) is well deﬁned and (1) holds. Then (1)
implies (2), and as CPGLIH = CPGLIψHX, (4) holds.
It remains to prove (3) and (5), and (5) is an easy consequence of (1)–(4)
and 1.2, which we leave to the reader. Thus wemust show that for each g ∈ G,
gα
((
πˆX
)
HX
)
= (gπˆH)ψ∗ = ψ−1 · (gπˆH) · ψ
or equivalently,
ψ ·
(
gα(πˆX)
HX
)
= (gπˆH) · ψ for each g ∈ G! ∗
Now for U ∈ SHV ,
U
(
gπˆH
)
ψ = Ugπψ = Ugπϕ
while
Uψgα(πˆX)
HX
= Uϕ
((
gα
)(
πˆX
)
HX
)
= Uϕ(gπˆX)
where in the last term we regard πˆX as a map on G, rather than on GX .
Thus (∗) is equivalent to
Ugπϕ = Uϕ(gπˆX) for each g ∈ G U ∈ SHV ! ∗∗
Recall that gπˆX  W → W gπ for W ∈ SXV  and gπˆX = ϕ−1 · gπX · ϕ,
so
Ugπ = U(gπˆX) = U(ϕ · gπˆX · ϕ−1)
which veriﬁes (∗∗) and completes the proof of (3).
Deﬁne a completely reducible projective representation α:H → PGLU
to be quasi-primitive if for each X H, SXU ∼= PGU ′ for some F-space
U ′ depending on X. Deﬁne α to be AI if for each X H, all members of
IrrXU are absolutely irreducible.
1.4. (1) I ∈ IrrGV  is absolutely irreducible as a linear module iff I is
absolutely irreducible as a projective module.
(2) π is AI iff πˆ is AI.
(3) If π is completely reducible and AI then π is quasi-primitive iff πˆ
is quasi-primitive.
(4) If πˆ is AI and quasi-primitive then so is πˆH for each HG.
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Proof. If I ∈ IrrGV  and E = EndFGI then E#/F# ∼= CPGLIG,
so (1) holds. Then (1) implies (2). Part (3) is immediate from 1.2. Assume
the hypotheses of (4). As πˆ is AI and quasi-primitive, πˆH is a projective
representation. Then as πˆ is AI, πˆH is also AI by 1.3.4, and hence as πˆ is
quasi-primitive, πˆH is quasi-primitive by 1.3.2.
1.5. If π is faithful and irreducible then the following are equivalent:
(1) πˆ is AI and quasi-primitive.
(2) ZG is AI and quasi-primitive on V and for each normal subgroup
X of G minimal subject to X ≤ ZG, X is homogeneous and AI on V and
πˆX is AI and quasi-primitive.
Proof. First (1) implies (2) by 1.4.4. Conversely assume that (2) holds;
we must show that each normal subgroup H of G is homogeneous on
V and each I ∈ IrrHV  is absolutely irreducible. As π is faithful and
irreducible and ZG is AI and quasi-primitive on V , ZG induces scalar
action on V , so we may assume H ≤ ZG. Thus there is X G with
X ≤ H, X ≤ ZG, and X minimal subject to these properties. By (2), X
is homogeneous and AI on V , and πˆX is AI and quasi-primitive. Thus H is
homogeneous on V by 1.3.2 and 1.2, and I is absolutely irreducible by 1.3.4
and 1.4.1.
1.6. Let G be faithful, AI, and quasi-primitive on V . Then ZG is the
largest abelian normal subgroup ofG, ZG is cyclic, and ZG induces scalar
action on V .
Proof. Let HG. As G is quasi-primitive on V , H is homogeneous
on V . In particular if H is abelian then H is cyclic, and as G is AI, the
irreducibles for H on V are absolutely irreducible, so H acts via scalar
multiplication on V , and hence H ≤ ZG. This establishes the lemma.
1.7. Assume that Z = ZG is the largest abelian normal subgroup of G
and Z is cyclic. Let p be a prime and let P = OpG. Then
(1) If P ≤ Z then P = ZP ∗ EP , where ZP = ZP = P ∩ Z, EP is
extraspecial, and EP = &1P is of exponent p if p is odd.
(2) There is a symplectic form fP on P˜ = P/ZP preserved by G.
(3) Every nontrivial G-subspace of P˜ is nondegenerate.
(4) If X G with X ≤ P then X˜ = X˜G.
Proof. Assume P ≤ Z. Then as Z is the largest abelian normal subgroup
of G, ZP = Z ∩ P is the largest normal abelian subgroup of G contained in
P . In particular, ZP = ZP is the largest characteristic abelian subgroup
of P , so P is of symplectic type and hence is described in 23.9 in [FGT].
By that lemma, P = R ∗ EP , where EP is extraspecial or 1 and R = ZP
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or p = 2 and R is dihededral, semidihedral, or quaternion of order at
least 16. However, in the latter case )P = )R is cyclic of index 4 in
R, so )R ≤ Z by maximality of Z, a contradiction, as )R ≤ ZR.
Thus P = ZP ∗ EP . Furthermore, if p is odd and EP is not of exponent
p, then by 23.12 in [FGT], Z&1EP is noncyclic, so by maximality of Z
and as Z is cyclic, &1EP = &1P and then P = ZP ∗&1P with &1P
extraspecial of order p. This completes the proof of (1). Then (2) follows
from 23.10 in [FGT]. Let Q˜ be a nontrivial G-subspace of P˜ and suppose
Q˜ is degenerate. Then its radical RadQ˜ is nontrivial, G-invariant, and
totally isotropic, so replacing Q˜ with RadQ˜, we may assume that Q˜ is
totally isotropic. Then by 23.10 in [FGT], the preimage Q is abelian, so
Q ≤ Z by maximality of Z. This is impossible because as Q˜ = 1, Q ≤ ZP .
This establishes (3).
Assume the hypotheses of (4); we may take X˜ = 1, as otherwise (4) is
trivial. Then Y˜ = X˜G is G-invariant; so by (3), X˜ is nondegenerate and
either Y˜ is nondegenerate or Y˜ = 1. In either case X˜ = Y˜ ⊕ W˜ , where
W˜ = Y˜⊥ is the orthogonal complement to Y˜ in X˜ and is G-invariant, and
either W˜ is nondegenerate or Y˜ = X˜. However, G centralizes W˜ , so if
W˜ = 0 then G acts on w˜ for 0 = w˜ ∈ W˜ , contrary to (3).
2. ENVELOPES FOR QUASI-PRIMITIVE REPRESENTATIONS
In this section we continue the hypotheses of Section 1 and in addition
assume that G is faithful on V and H is a normal subgroup of G homoge-
neous on V . Let I ∈ IrrHV , N = NGLIH, and σN  N → GLI the
inclusion map. Assume H is absolutely irreducible on I. LetM = GLV H,
σM  M → GLV H the inclusion map, and σ = σN ⊗ σM  N ×M →
GLI ⊗ V H the tensor product.
2.1. We can identify V with I ⊗ V H so that M × Nσ = NGLV H,
Mσ = CGLV H, and Nσ is the kernel of the action of NGLV H on
IrrHV .
Proof. By 27.14.3 and 27.14.5 in [FGT], we can identify V with I ⊗ V H
so that Mσ = CGLV H. Let X = NGLV H, and let K be the kernel of
the action of X on IrrHV . If H is irreducible on V then the lemma is
trivial, so we may assume dimV H > 1.
Next K and Mσ are normal in X with K ∩Mσ = Z the group of scalars
on V , so KMσ ≤ K ∩Mσ ≤ Z, and hence K centralizes Y = MσMσ.
But as dimV H > 1, Y contains SLV H unless F  ≤ 3 and dimV H = 2.
We conclude that in any case Y is transitive on IrrHV , and hence K is
homogeneous on V . In particular, K is faithful on I, so K = Nσ .
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Next M is transitive on direct sum decompositions V H = I1 ⊕ · · · ⊕ Ir
with Ir ∈ IrrHV , so X = MσS, where S is the stabilizer in X of such a
decomposition. As AutSI1 ≤ AutNσI1 = AutKI1 and K ≤ S, S = KT ,
where T = CSI1.
Now TH ≤ CHI1 ≤ Z, so AutT Ii ≤ CPGLIiH = 1 for each i, as
H is absolutely irreducible on Ii. Thus T induces scalar action on each Ii.
Therefore T ≤Mσ as Mσ contains the diagonal group on V H determined
by the decomposition V H = V1ϕ ⊕ · · · ⊕ Vrϕ. Therefore X = KMσ =
N ×Mσ , completing the proof.
From now on we suppress σ and identify N and M with their images
under σ in GLV . Hence by 2.1, M = CGLV H, N is the kernel of the
action of NGLV H on V , and NGLV H = NM . Observe that ZNM is
the group of scalars on V and ZNM = N ∩M . Set NM = NM/ZNM,
so that NM = N × M .
Now G ≤ NGLV H = NM , and we have projection maps αˆ G → N
and βˆ G → M , which we may regard as projective representations of G
on I and V H , respectively. Indeed βˆ = πˆH , so as promised in Section 1, we
can regard πˆH as a projective representation of G on V H .
Given spaces V1 and V2, let ιi GLVi → GLVi be the identity map.
Suppose X is a group and πˆi X → PGLVi, i = 1 2, are projective rep-
resentations. Then the tensor product representation ι = ι1 ⊗ ι2 GLV1 ×
GLV2 → GLV1 ⊗ V2 induces the projective representation
πˆ1 ⊗ πˆ2 X → PGLV1 ⊗ V2
deﬁned to be the composition of πˆ1 × πˆ2 X → PGLV1 × PGLV2 with
ιˆ:PGLV1 × PGLV2 → PGLV1 ⊗ V2!
2.2. πˆ is equivalent to αˆ⊗ βˆ.
Proof. By 2.1, σ  N ×M → GLV  is the tensor product representa-
tion. By construction, πˆ is the composition of αˆ× βˆ G→ N ×M with σˆ .
Thus the lemma holds.
2.3. If πˆ is primitive then αˆ and βˆ are primitive.
Proof. This follows as U ⊗ W ⊕ Z = U ⊗W  ⊕ U ⊗ Z.
3. TENSOR PRODUCTS OF QUASI-PRIMITIVE
REPRESENTATIONS
In this section let πi Gi → GLVi, i = 1 2, be faithful irreducible
ﬁnite-dimensional representations of ﬁnite groups over a ﬁeld F . Form
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V = V1 ⊗ V2 and the tensor product representation π0 = π1 ⊗ π2 of G0 =
G1 ×G2 and let G = G0π0 ≤ GLV  and π be the induced representation
of G on V . Identifying G1 and G2 with subgroups of G, G = G1G2 is the
central product of G1 and G2; i.e., G1G2 = 1.
Let Z = ZG and G = G/Z. As G is the central product of G1 and
G2, ZGi = Z ∩ Gi, Z = ZG1ZG2, and G = G1 × G2 with Gi ∼=
Gi/ZGi.
We will prove Theorem 2 and begin the proof of Theorem 1.
In the remainer of the section we assume that πi is irreducible, AI, and
quasi-primitive, because these are the hypotheses of Theorem 2, while in
Theorem 1, πi is AI and primitive and hence also irreducible and quasi-
primitive by 1.1. As π1 and π2 are absolutely irreducible, so is π (cf. 27.14
in [FGT]), so to prove Theorem 2 it remains to show that π is AI and
quasi-primitive, and to prove Theorem 1 we need to show that π is AI and
primitive. Assume otherwise and pick a counterexample of minimal degree.
3.1. (1) Z = G is cyclic and acts by scalar multiplication on V .
(2) To prove Theorem 2, it sufﬁces to show that if X is minimal subject
to X G and X ≤ Z then X is homogeneous and AI on V , and πˆX is AI
and quasi-primitive.
Proof. As π is faithful and absolutely irreducible, Z is cyclic and acts by
scalar multiplication on V . Furthermore, G = Z or else the two theorems
are trivial. Hence (1) holds, while (1) and 1.5 imply (2).
By 3.1, Z = G, so we choose X minimal subject to X G and X ≤ Z.
3.2. X ≤ Gi for i = 1 or 2.
Proof. By minimality of X, X is a minimal normal subgroup of G, so
either X is a p-group for some prime p or X is the direct product of
nonabelian simple groups. Without loss of generality, the projection X1 ofX on G1 is nontrivial. As π1 is faithful, AI, and quasi-primitive, ZG1 is
the largest abelian normal subgroup of G1 and is cyclic by 1.6. Thus by 1.7.4,X1 = X1G1 if X, and hence also X1, is a p-group, while X1 = X1 X1
if X, and hence also X1, is a product of nonabelian simple groups. Thus in
any case, X1 = XG1 ≤ X, and hence X = X1 ≤ G1 by minimality of X.
Because of 3.2, we may assume X ≤ G1.
3.3. (1) X is homogeneous and AI on V .
(2) V X ∼= V X1 ⊗ V2 as an F-space.
(3) There is a faithful representation σ  G2 → GLV X with G2σˆ =
GX2 .
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(4) For each ﬁnite preimage G˜X1 of G
X
1 in GLV X, G˜X1 commutes
with G2σ and there is an irreducible representation β G˜X1 → GLV X1 
such that βˆ = πˆX1 , β ⊗ π2 is the representation of G˜X1 × G2 on V X , and
β⊗ π2ρ = πˆX .
(5) β⊗ π2 is AI and quasi-primitive.
(6) In Theorem 1, β⊗ π2 is primitive.
(7) πˆX is AI and quasi-primitive.
Proof. As π is the tensor product of π1 and π2, G1 is homogeneous on
V with irreducibles isomorphic to V1. As π1 is AI and quasi-primitive, X is
homogeneous and AI on V1 and hence also on V . This establishes (1).
Let I ∈ IrrXV1, where V1 is regarded as a summand of V . Then I is
absolutely irreducible as π1 is AI, and I ∈ IrrXV  so
V X = HomFXI V  = HomFX
(
I
n2⊕
i=1
Ui
)
=
n2⊕
i=1
HomFXIUi =
n2⊕
i=1
UXi
∼= V X1 ⊗ V2
where n2 = dimV2 and each Ui is isomorphic to V1.
By 27.14.3 in [FGT], there is a faithful representation σ of G2 on V X ,
and by 27.14.4 in [FGT], ϕ = ϕXV  SXV  → PGV X is G2-equivariant,
so GX2 = G2σˆ . We claim that G2σ commutes with each ﬁnite preimage
G˜X1 of G
X
1 in GLV X. First, if charF = p is prime then as L = G˜X1 G2σ
is faithful and irreducible on V , ZL is a p′-group, so Sylow p-groups of
G2σ commute with G˜
X
1 . Thus it remains to show each gσ ∈ G2σ of order
prime to charF commutes with G˜X1 . Extending F if necessary, we may
assume that g splits over F . By 27.14.5 in [FGT], π1 ⊗ π2 is equivalent to
π1 ⊗ σ as an FXG2-representation, so if λ is an eigenvalue of g on V , Vλ
is the corresponding eigenspace for g, and I ∈ IrrXVλ, then Iϕ ≤ V Xλ .
Now if h ∈ G1 then h g = 1, so Ih ≤ Vλ and hence Iϕh = Ihϕ ≤ V Xλ , so
h acts on V Xλ . Therefore each preimage of h
X in GLV X commutes with
gσ , so G2σ commutes with each ﬁnite preimage G˜
X
1 of G
X
1 in GLV X.
Now G = G1G2, so GX = GX1 GX2 = G˜X1 G2σρ. Furthermore, as πˆ
is irreducible, so is πˆX , so the representation α of G˜X1 × G2 on V X is
irreducible, and hence (cf. 27.15 in [FGT]) α = β⊗π2 for some irreducible
FG˜X1 -representation β on V
X
1 with βˆ = πˆH1 . This establishes (4).
By 1.4.4, πˆX1 is AI and quasi-primitive, and by hypothesis, πˆ2 is AI
and quasi-primitive. Thus in Theorem 2, as βˆ = πˆH1 , β ⊗ π2 satisﬁes the
hypotheses of π, so as
degβ⊗ π2 = dim
(
V X
)
< dimV  = degπ
primitive linear representations 637
by minimality of degπ, β⊗ π2 is AI and quasi-primitive, establishing (5)
in this case. Similarly in Theorem 1, πˆX1 is primitive by 1.1, so β is primitive,
and then by minimality of degπ, (5) and (6) hold. By (1), X is homoge-
neous on V , and by (5), β⊗ π2 is AI and quasi-primitive, so by (4), 1.4.1,
and 1.2, πˆX is AI and quasi-primitive, establishing (7).
Observe that 3.1 and 3.3.7 complete the proof of Theorem 2. We will
complete the proof of Theorem 1 in the next section.
4. CONTINUING THE PROOF OF THEOREM 1
In this section we continue the proof of Theorem 1, begun in Section 3.
Thus we adopt the notation of Section 3, where we have a faithful repre-
sentation π of a group G which is irreducible, AI, and quasi-primitive by
Theorem 2, and of minimal degree subject to not being primitive. As π is
not primitive, there exists a decomposition
V = ⊕
D∈
D
of V preserved by G with  > 1. As G faithful and quasi-primitive, 1.6
says that Z = ZG is the largest abelian normal subgroup of G and Z is
cyclic. We ﬁrst observe
4.1. πˆH is primitive for each normal subgroup H of G such that H ≤ Z.
Proof. Assume that H is such a subgroup and let I ∈ IrrHV . If
dimI = 1 then H is abelian, contradicting H ≤ Z. Thus dimI > 1,
so dimV H = dimV /dimI < dimV . Let X be minimal subject to
X G, X ≤ H, and X ≤ Z. By 3.3.6, πˆX is primitive, so πˆH is primitive
by 1.1 and 1.3.5.
4.2. Z = ZG is the kernel of the action of G on .
Proof. Assume that the kernel K of G on  is not Z. Let K = ϕ,
where ϕ = ϕKV  SGV  → PGV K is the map deﬁned in Section 1. Then
K is a GK-invariant decomposition with K =  > 1, contradicting 4.1.
Pick  with  minimal and let D ∈  and let X = NGD and m =
dimD. Thus dimV  = m.
4.3. (1) G1 ∼= G2 is a nonabelian simple group.
(2) X is a full diagonal subgroup of G = G1 × G2.
(3) Gi is regular on , so  = d = G1.
(4) dimV  = md.
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Proof. By minimality of , G is primitive on , and by 4.2, Z is the
kernel of the action of G on . Thus G is described in Theorem 1 of [AS].
However, G has at least two minimal normal subgroups, one contained
in each of G1 and G2. It follows from [AS] that F∗G = K1 × K2, whereKi ≤ Gi, K1 ∼= K2, Ki = Li1 × · · · ×Lir is the direct product of nonabelian
simple groups permuted transitively by X, Ki is regular on , K = X ∩K1K2 is a full diagonal subgroup of K1 × K2, and K = F∗X. As K1 is
regular on , G = K1X. Thus G1 = K1G1 ∩ X, so if K1 = G1 there is
1 = x¯ ∈ G1 ∩ X and as K = F∗X, K x¯ ≤ G1 contains a component ofK, a contradiction, as K1 ∩ X = 1.
Therefore G = G1G2 = K1K2, so X = K. Then as X is transitive on the
components of K1, K1 = L11 is simple, so (1)–(3) are established. Recall
that dimV  = m, so (4) follows from (3).
4.4. Let Z0 = ZGLV  and g ∈ G. Then
(1) Extending F if necessary, there exists h ∈ gZ0 with h = g¯.
(2) If h¯ ∈ G1 then h is free on each I ∈ IrrG1 V .
(3) h is free on V .
(4) If charF = p is prime then a Sylow p-group of G is free on V .
Proof. In proving (1) we may take g to be a q-element for some prime
q. If q = charF then Z is of order prime to q, so we may choose g of
order q, and we set h = g in this case. On the other hand, if q = charF
then extending F if necessary, we may assume that the eigenvalue of gq on
V has a qth root in F ; thus there is h ∈ gZ0 of order q. So (1) is established.
Next if g ∈ G1 then as G1 is regular on  and g¯ = h¯ = h, H =
h is regular on , so h is free on V . Then as Z0G1 is homogeneous
on V , (2) holds. Furthermore, if charF = p is prime then ZG1 is of
order prime to p, so a Sylow p-group Pi of Gi is free on V and hence
also on an irreducible for Gi on V and hence also on Vi. However, P =
P1 × P2 ∈ SylpG and V = V1 ⊗ V2 as a FP-module, so V is free for P ,
establishing (4).
Now choose g general. As G = G1G2, h = xy for some x ∈ G1Z0 and
y ∈ G2Z0, and by (1) we may assume x = x¯ and y = y¯. Hence x is
free on I ∈ IrrG1 V  by (2), and so x is free on V1. Similarly y is free
on V2.
Deﬁne ν H → G2 by νhi = yi and similarly deﬁne µ H → G1 by
µhi = xi, and let ψ H → V be the representation of H on V . Then
ψ = µ⊗ ν. As x is free on V1 and y is free on V2, it follows that ψ = µ⊗ ν
is free on V .
Remark. The next lemma says that G is (essentially) of central type; that
is, the degree of the character or Brauer character χ of the irreducible
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representation π is
√G  ZG or, equivalently, χg = 0 for g ∈ G −
ZG. Such groups and representations have been studied in the literature,
but there do not seem to be any existing results that are helpful here.
4.5. (1) dimV 2 = G.
(2) m = dimD = 1.
Proof. Let H = GZ0 and let χ be the character of H on V or the
Brauer character of an appropriate ﬁnite subgroup H0 of H containing G
if charF = p is prime. Thus the restriction of χ to G is the character or
Brauer character of π. Indeed if charF = p, then by 4.4.4 and a theorem
of Brauer and Nesbitt (cf. 86.3 in [CR]) there exists a number ﬁeld K
and an irreducible KH0-module V with character χ which when reduced
modulo p gives rise to V , and χh = 0 for each h ∈ H0 which is not p-
regular. Pick an isomorphism ξ λ → λ¯ of the group of kth roots of unity
of F and K as on p. 588 of [CR], where k is the p′-part of H0.
Let g ∈ G, with g p-regular if charF = p. Then g = hz for some h ∈ H
with h = g¯ and z ∈ Z0 by 4.4.1. Then z acts by scalar multiplication via
some λ ∈ F on V and χg = χhλ or χg = χhλ¯ in the case of
Brauer characters. But by 4.4.3, if g¯ = 1 then h is free on V , so χh = 0
and hence χg = 0. For example in the case of Brauer characters, h is
free, so each eigenvalue ? of h on V has the same multiplicity r and hence
?¯ has multiplicity r on V , so
χg = rλ¯ ·
(∑
?
?¯
)
= rλ¯ · 0 = 0!
That is, χg = 0 for all g ∈ G − Z, since in the Brauer character case,
χg = 0 for all g which is not p-regular. Thus as χ is irreducible,
1 = χχ = 1G ·
∑
g∈G
χg2 = 1G ·
∑
z∈ZG
χz2 = dimV 
2ZG
G 
establishing (1). But by 4.3, dimV  = G1m, so
 Gm2 = G1m2 = dimV 2 = G
proving (2).
We now obtain a contradiction, establishing Theorem 1. To do so,
we make a weak appeal to the classiﬁcation of the ﬁnite simple groups,
although it seems possible this appeal could be eliminated with the right
observation or some extra work.
First, replacing Gi by its comutator group if necessary, by 4.3 we may
assume, Gi is quasi-simple. Now we claim there exists a prime divisor p of
G such that p does not divide ZG. For if not, then as  G1 has at least
three prime divisors, so does the order of the Schur multiplier of G1. From
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the classiﬁcation of the ﬁnite simple groups, this forces G1/ZG1 ∼= L?nq
for some prime power q, where the multiplier is of order q − ? n = k,
since the Schur multipliers of all other simple groups are 2 3-groups.
However, there exist primes dividing  G1 which do not divide q− ?.
Pick g ∈ X with g¯ of prime order p and p not dividing ZG. Thus g =
h in 4.4.3. As G1 is regular on  and g ∈ NGD, CG1g is transitive on the
set Fixg of ﬁxed points of g on . Then as p does not divide ZG,
CG1g = CG1g, so CGg is transitive on Fixg and g has n − k/p
cycles of length p, where n = dimV  and k = Fixg. As m = 1, g has
eigenvalue λ on D, and as CG1g is transitive on Fixg g has the same
eigenvalue on each E ∈ Fixg. Thus χg = kλ¯, so g is not free on V ,
contrary to 4.4.3.
This contradiction completes the proof of Theorem 1.
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